


























In this paper we establish a fractional generalization of Einstein
field equations based on the Riemann-Liouville fractional generaliza-
tion of the ordinary differential operator ∂µ. We show some elemen-
tary properties and prove that the field equations correspond to the
regular Einstein field equations for the fractional order α = 1. In ad-
dition to this we show that the field theory is inherently non-local in
this approach. We also derive the linear field equations and show that
they are a generalized version of the time fractional diffusion-wave
equation. We show that in the Newtonian limit a fractional version of
Poisson’s equation for gravity arises. Finally we conclude open prob-
lems such as the relation of the non-locality of this theory to quantum
field theories and the possible relation to fractional mechanics.
1 Introduction
General relativity as a theory of gravitation is perhaps the most success-
ful theory in physics to date [16]. Therefore many generalizations of gen-
eral relativity have been created in order to possibly incorporate additional
physics [10, 2]. The various generalizations includes for example adding
extra dimensions and making the metric complex [10, 2, 16].
The modern formulation of fractional calculus was formulated by Rie-
mann on the basis of Liouville’s approach [11, 12, 15]. Despite its long
history it has only recently been applied to physics where areas including
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fractional mechanics and fractional quantum mechanics have been estab-
lished [7, 13, 14]. Certain approaches to fractional Friedmann equations,
fractal differential geometry and fractional variational principles have re-
cently been developed [1, 3, 14].
In this paper we shall utilize a fractional calculus operator to generalize
the differential geometry approach to general relativity. Similar develop-
ments, in particular regarding fractional Friedmann equations, have been
made with different kinds of fractional differentiation operators [6], how-
ever we shall utilize the simplest possible generalization using a special
form of the Riemann-Liouville fractional derivative.
2 Theory
2.1 Fractional Calculus
Fractional calculus is the non-integer generalization of an N -fold integra-
tion or differentiation [11]. We shall use a special case of the Riemann-
Liouville fractional differential operator as the generalization of the dif-
ferential operator ∂µ used in general relativity. If f(xµ) ∈ C([a, b]) and











for α ∈]0, 1[ is here called the fractional derivative of order α (It is a special
case of the general Riemann-Liouville derivative, see [11, 12, 15] for more
information). For α = 1 we define ∂αµ = ∂µ and we have the ordinary
derivative.
2.2 Fractional Einstein field equations
We shall assume spacetime to be constituted by a metric of the same type
as for ordinary Einstein field equations [16]:
ds2 = gµνdx
µdxν , (2)
with the usual condition for the covariant metric [10, 16]:
gµνg
µρ = δρν . (3)
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In this fractional approach we shall assume that the Riemann tensor is con-
structed from the metric on the basis of the Riemann-Liouville fractional





















gµρ(∂αν gρλ + ∂
α
λ gρν − ∂
α
ρ gνλ), (7)


















The correspondence to the traditional Einstein field equations is when ∂αµ
is replaced by the traditional derivative ∂µ which is equivalent to α = 1 by
definition. A very special feature of this field theory is that it is non-local
since the fractional derivative (1) utilizes information from the metric at
great distances to create the fractional derivative.
2.3 Linearized field equations
We can write the metric (2) as:
gµν = ηµν + hµν , (10)
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where ηµν is the Minkowski metric and hµν is higher order terms. To first

































































































It is useful to introduce the following:









α = 0, (18)







One might define these set of equations as the fractional gravitoelectromag-
netic equations, which is a fractional analogue of the ordinary gravitoelec-




βhµν = 0, (20)
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which is a generalization of the time fractional diffusion-wave equation








hµν = 0, (21)
which is the regular wave equation for gravitational waves in General Rel-
ativity [16].
2.4 Newtonian approximation



























Furthermore we shall assume that the metric and its fractional derivatives
are approximately static and that the square deviations from theMinkowski






































where ρ(α) is a form of fractional generalization of matter density ρ (also
note that for α = 1 the ordinary matter density ρ is obtained). We thus get















i φ ≈ Γ
i
00,i ≈ R00(γ) ≈ 4πGρ(γ), (31)
which in the case γ = 1 turns out to be the traditional Poisson’s equation
for gravity:
∂i∂iφ = ∇
2φ = 4πGρ, (32)
which is the expected result.
3 Conclusions
We have established a fractional generalization of Einstein field equations
based on the Riemann-Liouville fractional generalization of the differential
operator ∂µ. We showed some special properties including the correspon-
dence to conventional Einstein field equations for α = 1. We showed that
the field equations by necessity are non-local due to the non-local nature
of the Riemann-Liouville fractional derivative. In fact the field is non-
local even for α = 1 − ǫ for some arbitrarily small ǫ. In this situation
the field equations are practically equivalent to the ordinary Einstein field
equations, but they still have the non-local property. Furthermore we lin-
earized the field equations and obtained a fractional wave equation with
source, which is then the fractional equivalent of gravitoelectromagnetism
in ordinary general relativity. We also investigated the Newtonian limit
and arrived at a fractional generalization of the classical Poisson’s equa-
tion for gravity. Many open questions remain, such as if the non-locality
in some way may be connected to quantum field theories. Another issue
is if there is any connection between this approach and the fractional sta-
bility of Friedmann equations in ordinary Einstein field equations [3]. Also
further connections to fractional mechanics and other fractional and fractal
approaches to gravity are open issues.
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